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Abstract. The Eulcr-MaxweU system as a hydrodynamic model for plasma 
physics to describe the dynamics of the compressible electrons in a constant 
charged non-moving ion background is studied. The global smooth flow with 
small amplitude is constructed in three space dimensions when the electron 
velocity relaxation is present. The speed of the electrons flow trending to 
uniform equilibrium is obtained. The pointwise behavior of solutions to the 
linearized homogeneous system in the frequency space is also investigated in 
detail. 
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1. Introduction 

The Euler-Maxwell system is a hydrodynamic model in plasma physics to de- 
scribe the dynamics of electrons and ions under the influence of their self-consistent 
electromagnetic field [20j [18] . Starting from the Euler-Maxwell system, some hier- 
archies of models such as the Dynamo hierarchy and the MHD hierarchy can be 
derived under the different situations about the state of the plasma [T] . The Euler- 
Maxwell system in some cases can also be justified as the asymptotic limit of the 
kinetic Vlasov-Maxwell system by the so-called quasi- neutral regime [2] . In a simple 
case when the constant positive charged ions do not move providing only a uniform 
background and the electrons flow is isentropic, the compressible Euler-Maxwell 
system takes the form of 

' dtn + \/ ■ (nu) = 0, 

dtu + u ■ Vm + —Vp{n) = ~{E + u x B) ~ vu, 
n 

(1-1) { dtE - V X B = nu, 

dtB + V X E = 0, 

■ E = nb-n, V • B ^ 0. 

Here, n = n{t,x) > 0, u = u{t,x) ^'M?, E = E(t,x) G and B = B(t,x) € R^, 
for t > 0, .T G M^, denote the electron density, electron velocity, electric field and 
magnetic field, respectively. Initial data is given as 

(1.2) [n,u,E,B]\t^o = [no,uo,Eo,Bo], x eM.\ 
with the compatible condition 

(1.3) V • £;o = rib - no, V • = 0, xeR^. 
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The pressure function p{-) of the flow depending only on the density satisfies the 
power law p{n) ~ ArC with constants A > Q and 7 > 1, where 7 is the adiabatic 
exponent. Constants u > Q and rib > are the velocity relaxation frequency and 
the equilibrium-charged density of ions, respectively. Through this paper, we set 
A = 1, = 1 and nb = 1 without loss of generality. In addition, the case of 7 = 1 
can be considered in the same way. 

There arc some mathematical studies on the above Euler-Maxwell system. By 
using the fractional Godunov scheme as well as the compensated compactness ar- 
gument, Chen- Jerome- Wang [J] proved global existence of weak solutions to the 
initial-boundary value problem in one space dimension for arbitrarily large initial 
data in L°° . Jerome [13] provided a local smooth solution theory for the Cauchy 
problem over by adapting the classical semigroup-resolvent approach of Kato 
[15] . Peng- Wang [19] established convergence of the compressible Euler-Maxwell 
system to the incompressible Euler system for well-prepared smooth initial data. 
Much more studies have been made for the Euler-Poisson system when the mag- 
netic field is absent; see [U [16] [5] [171 13] and references therein for discussion and 
analysis of the different issues such as the existence of global smooth irrotational 
flow [9] , large time behavior of solutions [16] , stability of star solutions [5] [17] and 
flnite time blow-up [5]. 

On the other hand, the existence and uniqueness of global solutions to the Euler- 
Maxwell system in three space dimensions remains an open problem. In this paper, 
we answer it in the framework of smooth solutions with small amplitude. The main 
result is stated as follows. 

Theorem 1.1. Let N > A and (|1.3p hold. There are So > 0, Co such that if 

II [no - 1,uo,Eo,Bo]\\n < Sq, 

then, the Cauchy problem (|l.ip - (|1.2p admits a unique global solution [n{t,x), 
u(t, x), E{t,x), B(t, x)] with 

[n - 1, u, E, B] e C([0, 00); n Lip{[0, 00); i?^~i(R3)) 

and 

sup II [n(t) - 1, uit), E{t),B{t)]\\N < Coll [no - 1, wo, ^o, Bo] lU- 
t>o 

Moreover, there are 61 > 0, Ci such that if 

\\[no - l,iio,^^o,Bo]||i3 + \\[uo,Eo,Bo\\\l^ < Si, 
then the solution [n{t,x),u(t,x), E(t,x), B{t,x)] satisfies that for any t >0, 

\\n{t)-l\\L. <Ci{l + t)-T, 

\Mt),Eit)]U.<Ciil+tr'+^, 

IIbWIIl. <Ci(i + t)-i+*, 

with 2 < q < 00. 

It is obvious that when A'' is large enough, the solution is classical belonging 
to C"'^([0,oo) X R'^) and particularly when initial perturbation is smooth, the solu- 
tion is also smooth. Here we remark that the Euler-Maxwell system in the whole 
space M'^ is dispersive. Notice that the usual homogeneous Maxwell system for the 
electromagnetic fleld conserves the energy. But when the electromagnetic fleld is 
generated by the compressible electron flow, it will show a weak dispersive property 
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and thus decay in time with some algebraic rate, which is essentially due to the 
coupling of the Maxwell system with the Euler equations. Furthermore, the weak 
dispersive property of the Maxwell system also leads to the fact that the time-decay 
speed of the magnetic field B is the slowest among all the components of the so- 
lution. Finally, it should be emphasized that the velocity relaxation term of the 
considered Euler-Maxwell system here plays a key role in the proof of Thcorcm ll.il 
Wc shall study in the other forthcoming work the case of non-relaxation for which 
the proof is much more complicated to carry out. 

Let us introduce some notations for the use throughout this paper. C denotes 
some positive (generally large) constant and A denotes some positive (generally 
small) constant, where both C and A may take different values in different places. 
For two quantities a and b, a ^ b means \a < b < ja for a generic constant < 
A < 1. For any integer m > 0, we use i/™, i?™ to denote the usual Sobolev space 
iJ™(K^) and the corresponding m-order homogeneous Sobolev space, respectively. 
Set = when m = 0. For simplicity, the norm of i?™ is denoted by || • \\m 
with 11 • II = II • II Q. Wc use (•, •) to denote the inner product over the Hilbert space 
i2(R3)^ i.e. 

(/,5>-/ fix)9ix)dx, / = /(x),5 = (7(x) eL2(M3). 

For a multi- index a = [ai,a2,a3], we denote = d"^d"^d"^ . The length of a is 
|a| ^ ai + a2 + a^. For simplicity, we also set dj = dx^ for j = 1, 2, 3. 

We conclude this section by stating the arrangement of the rest of this paper. In 
Section[21 we reformulate the Cauchy problem under consideration. In Section[31 we 
prove the global existence and uniqueness of solutions. In Section 31 we investigate 
the linearized homogeneous system to obtain the LP-L'' time-decay property and 
the explicit representation of solutions. Finally, in Section [5l we study the time- 
decay rates of solutions to the reformulated nonlinear system and finish the proof 
of Theorem 11.11 



2. Reformulation of the problem 



Let [n, u, E, B] be a smooth solution to the Cauchy problem of the Euler-Maxwell 
system (jl.ip with given initial data (jl.2[) satisfying p.3p . Set 
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Then, V := [a, v, E, B] satisfies 

T - 1 

dta + v - Va + i-^—- 



(2.2) 



a + IW ■ V = 0, 



■7-1 1 ~ ~ 1 
dtv + v ■\'v + (- a + 1)V(7 = -( E + V x B) v, 

V7 



1 



1 



1 



•V7 
[a + ^{(t)]v, 



dtE - —V X B 
dtB + -^W xE^O, 

V-E^ — ^[cr + $(cr)], V-i? = 0, ^>0,a;eM^ 
with initial data 

(2.3) V\t=o = Vo:=[cTo,Vo,EQ,Bo], x e M^^ 

Here, $(•) is defined by 

^{^) - (^^T + 1)^ - 

and Vq ~ [ao^VQ, Eq, Bq] is given from [tiq^uq, Eq, Bq] according to the transform 
(|2.ip . and hence Vq satisfies 



(2.4) 



1 



V7 



[c^o + $(f7o)], V-Bo=0, x-e 



In the rest of this paper, to prove Theorem ll.il we are reduced to mainly investi- 
gate the well-posedness and large-time behavior for solutions to the reformulated 
Cauchy problem p.2p - (|2.3p with the compatible condition (|2.4p . In addition, when 
the large-time behavior of solutions is considered, it is more convenient to use an- 
other reformulation of the original Cauchy problem (|l.ip - (|1.2p . In fact, by setting 
p{t, x) = n(t, x) — 1, then U :~ [p, m, E^ B] satisfies 

{ dtp + V ■ u = -V ■ (pu), 
dtu + 7V/9 + E + u= -u-Vu - ux B - 7[(1 + p^^"^ - l]Vp, 

(2.5) I dtE-V X B -u^ pu, 
dtB + V X E ^Q, 

\/-E^-p, V-B = 0, ^>0,xeM^ 
with initial data 

(2.6) U\t^o^Uo:^[po,un,Eo,BQ], x eR^ 
satisfying 

(2.7) S/-Eo = -po, V-Bo = 0. 
Here, po — no — 1- 

In what follows, we suppose the integer TV > 4. Besides, for V = [a,v, E, B], 
we define the full instant energy functional £N{V{t)), the high-order instant energy 
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functional and the corresponding dissipation rates T>N{V{t)), 'D^{V{t)) 



by 

(2.8) £NiV{t))^\\[a,v,E,B]\\%, 

(2.9) £UV{t))^\\V[a,v,E,B]\\l_,, 

and 

(2.10) V^iVit)) = \\[a,v]\\% + \\V[E,m%-2 + \\E\ 

(2.11) -D^iVit)) = \\W[<j,v]\\%_, + \\W[E,B]\\%_^. 



Then, concerning the reformulated Cauchy problem (|2.2p - (|2.3p . one has the follow- 
ing global existence result. 

Proposition 2.1. Suppose (|2.4p for given initial data Vq = [ao,VQ, Eq, Bq]. Then, 
there are £n{-) and I?Ar(-) in the form of (|2.8p and ()2.10p such that the following 
holds true. If £n{Vo) > is sufficiently small, the Cauchy problem (|2.2p - ()2.3p 
admits a unique global nonzero solution V = [a, v, E, B] satisfying 

(2.12) V e C([0, oo); i7^(M3)) n Lip{[0, oo); H^'\R^)), 
and 

(2.13) £NiV{t)) + X f VNiVis))ds < SNiVo) 

Jo 

for any t > 0. 

Remark 2.1. From (j2.13p and (|2.10p . a, v and E are time-space integrable but 
B is not so. For the derivatives, [a, v] is time-space integrable up to N -order but 
[E, B] is so up to N ^1 order only. Therefore, the Euler- Maxwell system is not only 
degenerately dissipative but also of the regularity-loss type. The similar phenomenon 
has been noticed in for the study of the optimal large-time behavior of solutions 
to the two-species Vlasov-Maxwell-Boltzmann system. 

Moreover, solutions obtained in Proposition 12.11 indeed decay in time with some 
rates under some extra regularity and integrability conditions on initial data. For 
that, given Vq = [ao,VQ, Eq, Bq], set em(Vb) as 

(2.14) eM)^\\Vo\U + \\[vo,Eo,Bo]\\Li, 

for the integer m > 4. Then, one has the following two propositions. 

Proposition 2.2. Suppose that Vq = [cro,vo, Eq, Bq] satisfies (|2.4p . //eAr+2(Vb) > 
is sufficiently small, then the solution V ~ [a, v, E, B] satisfies 

(2.15) \\VmN < CeN+2iVoKl + t)-i 

for any t >0. Furthermore, i/eAr+g(Vo) > is sufficiently small, then the solution 
V — [cr, V, E, B] also satisfies 

(2.16) \\VV{t)\\N-i < CeAr+6(Vb)(l + tyi 
for any t > 0. 
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Proposition 2.3. Let 2 <q < oo. Suppose that Vq ~ [(Tq,vo, Eq, Bq] satisfies 1 ^2. 4^ 
and ei3(Vb) > is sufficiently small. Then, the solution V = [a,v, E, B] satisfies 
that for any t > 0, 

(2.17) IkWIU. <C(l + t)-^, 

(2.18) \\[v{t),E{t)]\\L.<C{l+t)-'+^, 

(2.19) ||S(t)|U, <C(l + t)-^+*. 

Remark 2.2. Proposition \2.2\ shows that for the slower time-decay rate described 
by (|2.15p , initial data needs the extra space regularity, while for the faster decay 
rate as in (|2.16p . initial data needs the extra space regularity. The regularity 
index 13 from £13 (Vo) > in Provosition \2.3\ comes out due to Provosition \2. 2\ and 
the bootstrap argument. Notice that in terms of the definition (|2.14p o/em(Vo) > 0, 
we do not suppose that WctqWl^ is sufficiently small in both Proposition \2.2\ and 
Proposition \2.3i This is non-trivial on the basis of the analysis of the time-decay 
property of solutions to the linearized homogeneous system; see Theorem \4-4\ '^i^d 
Corollary \4.2\ 

Finally, it is easy to see that Theorem 11.11 follows from Proposition 12.11 and 
Proposition 12.31 Thus, the rest of this paper is to prove the stated-above three 
propositions. 



3. Global solutions for the nonlinear system 



In this section, we shall prove Proposition l2 . 1 I for the global existence and unique- 
ness of solutions to the Cauchy problem p.2p - p.3p . In the first subsection, we 
obtain some uniform-in-time a priori estimates for any smooth solution. In the 
second subsection, we combine those a priori estimates with the local existence 
of solutions to extend the local solution up to infinite time with the help of the 
continuity argument. 

3.1. A priori estimates. We begin to use the normal energy method to obtain 
some uniform-in-time a priori estimates for smooth solutions to the Cauchy problem 
(|2.2p - (|2.3p . Notice that (|2.2p is a quasi- linear symmetric hyperbolic system. The 
main goal of this subsection is to prove 

Theorem 3.1 (a priori estimates). Suppose 

V=[a,v,E,B]eC{[0,T);H''{R^)) 

is smooth for T > with 

(3.1) sup ||(T(<)||Ar < 1, 

0<t<T 

and assume that V solves the system (j2.2p for t € (0,r). Then, there are fAf(-) 
andT>if{-) in the form of (j2.8p and (|2.10p such that 

(3.2) ^£N{V{t)) + XDN{V{t)) < C \£N{V{t)f''' + £N(y{t))\ VN(y{t)) 
at L J 

for any < t < T . 
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Proof. It is divided by five steps as follows. 
Step 1. It holds that 

(3.3) ^^ll^ll?^ + ^ CWVUitr + \\V[a,v]\\%_,). 

In fact, from the first two equations of (|2.2p . energy estimates on d^a and d^v for 
|a| < give 

(3.4) ll\\d^[a,v]r + + -^{d^E^d^v) = ~ J] CPo^At) + hit), 
^dt ^/7 ^/7 

with 

/a,/3(i) = {d'^-'^v ■ Vd^a, a" a) + {d-^-^v ■ VS'^v, 

and 

where integration by parts were used. When \a\ = 0, it suffices to estimate Ii{t) by 

hit) < C||V • v\\L2{\\a\\Le\\a\\LS + i|l'iU«ll^'llL3) 
+ C\\Va\\L4<^\\Le\\v\\L^.+C\\B\\L'^\\v\\l, 

< C\\[a,v]\\H^\\W[a,v]f + C\\WB\\H4vf, 

which is further bounded by the r.h.s. term of p.3p . When \a\ > 1, since each term 
in Ia,p{t) and Ii{t) is the integration of the three-terms product in which there is 
at least one term containing the derivative, one has 

|/c.,/3(i)l + \h{t)\ < C\\W.v.B]U\\V[a,v]\\%_„ 
which is also further bounded by the r.h.s. term of p.Sp . On the other hand, from 
()2.2p . energy estimates on d"E and d^B with |a| < iV give 

(3.5) il||a"[^,B]ip-^(a>a"^)<^(5"[(a + ci>(a))^;],a"^) := h{t). 

2dt y/j 

In a similar way as before, when \a\ = 0, 

/2(i)<C||Va||-||«||i||^||, 

and when |a| > 0, 

hit) < q|Va||Ar_i||V«||Ar_i||V^||Ar^i. 
Thus, for \a\ < N, one has 

h{t)<C\\EUi\\V[a,v]\\%_, + \\vf), 
which is bounded by the r.h.s. term of p.3p . Then, p.3p follows by taking sum- 



mation of (|3.4p and (|3.5p over |a| < N. Here, we stop to remark that in this step, 
the time evolution of the full instant energy ||l^(i)||^ has been obtained but its 
dissipation rate only contains the contribution from the explicit relaxation variable 
V. In the following three steps, by introducing some interactive functional, the 
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dissipation from contributions of the rest components ct, E and B can be recovered 
in turn. 

Step 2. It holds that 

(3.6) ^f]v":i(^^) + Allans <q|VHl^_i + qiKt;,B]||^||V[a,z;]||^_i, 
where £^^\{-) is defined by 

\a\<N-l 

In fact, notice that the first two equations of (|2.2p can be rewritten as 

(3.7) dt<J + y-v^h, /i -V . V<T - ^^aV • 

(3.8) dtv + Va+ -^E ^ ^—v + h, f2 -v -Vv ~^^-^crVa - v x B. 

Let |a| < TV — 1. Applying 9" to (|3.8|) . multiplying it by (?"V(t. taking integrations 
in a; and then using integration by parts and also the final equation of (|2.2p gives 

-^(a"w,a"Vcr) + WVaf + -Waf = (d°'v,d°'\7dt<j) 
at 7 

- — (a"w,a"V(T) - i(a"$(cr),a"CT) + (a"/2,a"Vcr), 

7 

which further by replacing dfcr from p.7p . implies 

= ||a"V • - —(d"v,d"Va) - -(a"$(a),0"cr) 
V7 7 

- (a"/i,9"V -v) + (9"/2,0"Vcr). 
Then, it follows from Cauchy-Schwarz inequality that 

(3.9) ^(d"v, 5"Vo-) + A(||a"Va|p + ||a"af ) 
at 

< c||9"v • + c(||a°$(a)||2 + ||9"/if + 1|9"/2!1'). 

Noticing that <I>(cr) is smooth in tr with $(0) = $'(0) = and /i, /2 are quadratically 
nonlinear, one has from p.ip that 

||a"$(a)|r + ||a"/i|r + ||5"/2|r<q|[a,z;,B]||^||V[a,«]||^_i. 

Plugging this into (|3.9p and taking summation over |a| < — 1 yields p.6p . 

^'tep 3. It holds that 

(3.10) |fiv".*2(^) + A||S||^_i <q|[a,«]||2, + C||«||Ar||VB||Ar_2 



where f)J?'2(') defined by 



+C\\[a,v,B]\\%\\V[a,v]\\%^„ 

la|<JV-l 
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In fact, for \a\ < N — 1, applying d" to (|3.8|) . multiplying it by d^E, taking 
integration in x and then using the third equation of ()2.2p gives 

^{d°'v,d°'E) + —\\d"E\\^ 
dt ^ 

= —\\d°'v\\^ + — (9"v,V X + i(9"v,9"[crt; + $(o-)i.]) 

- (Va"cr + —d^v, d^E) + (a"/2, d^E), 
V7 



d"E) + \\\d"E\\^ < C\\ [a, v]\\% + C\\v\\n\\^B\\n^2 



which from Cauchy-Schwarz inequality further implies 
d_ 

+ C\\[a,v,B]\\%ma,v]\\%^,. 
Thus, p.lOp follows from taking summation of the above estimate over \a\ < N — 1. 
Step 4- It holds that 

(3.11) |fi^%(l^) + A||v5||^_2<C||K^]||?,_, + C||a||^||V«||^_i, 

where is defined by 

|Q|<Ar-2 

In fact, for \a\ < N — 2, applying 9" to the third equation of p. 21) . multiplying it 
by 9"V X B, taking integration in x and then using the fourth equation of p.2p 
implies 

4(V X d°'E,d°'B) + — IIV X d"Bf 
dt ^ 

= — l|v X a"i^f_ J_(o"„,v X c)"B) - J-(a"[CTu + $(CT)w],v X 

y/l y/l y/l 

which gives p. lip by further using Cauchy-Schwarz inequality and taking summa- 
tion over |a| < N — 2, where we also used 

Wd^diBW = \\diA-^W X (V X < C||V x c)"B|| 

for each 1 < i < 3, due to the fact that 9iA^^V is bounded from to itself for 
1 < p < oo; see [H]. 

Step 5. Now, following four steps above, we are ready to prove p.2p . Here, we first 
remark that p.6p implies that the dissipation of a can be recovered from that of v, 
p.lOp implies that the dissipation of E can be recovered from that of f, cr and B, 
and p. lip implies that the dissipation of B can be recovered from that of v and E. 
The key observation is that the second term on the r.h.s. of p.lOp is the product 
of dissipations of v and B so that it is possible to recover the full dissipation of 
V, cr, E and B by taking a proper linear combination of all estimates. In fact, let us 
define 



£N{vit)) = \\vit)\\% + J2^.£'N:.ivit)), 
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that is, 

£NiV{t)) = \\[a,v,E,B]\\j, + Ki J2 (5"Vc7,a%) 

Q|<Ar-l 

(3.12) +K2 J2 + K3 J2 (vxa"i^,a"s) 

a|<Af-l |q|<W-2 

for constants < K3 ^ K2 ^ ^ 1 to be determined. Notice that as long 

as < Ki <C 1 is small enough for i — 1,2,3, then £n{V) ^ \\V\\% holds true. 

3/2 

Moreover, by letting < K3 <C K2 <C ki <C 1 be small enough with ^ '*3j 
the sum of ([3^ . (|3^xki . (13.10^ x^9 and (|3.11|) xk^ implies that there is A > 0, 
C > such that (|3.2|) also holds true with 2?7v(-) defined in (j2.10p . Here, we used 
the following Cauchy-Schwarz inequality 

2k2\\v\\n\\^B\\n-2 < 4^^\\v\\jj + 4^^\\^B\\l,^2, 

3/2 

and due to Kg ^ K3, both terms on the r.h.s. of the above inequality were 
absorbed. This completes the proof of Theorem 13. II □ 

Remark 3.1. The main idea for the proof of Theorem lS.ll particularly construction 
of the interactive functionals, is inspired by the recent studies of some degenerately 
dissipative kinetic equations [6l [7] and |24| . In fact, although the nonlinear system 
(|2.2p is degenerately dissipative, interplay between the first-order linear conservative 
terms and the zero- order degenerately dissipative terms indeed yields the dissipation 
of all the components in the solution. This is also easier to be seen from the Fourier 
analysis of the linearized homogeneous system; see Theorem \4-l\ and its proof later 
on. 

3.2. Proof of global existence. In this subsection we shall prove Proposition 
12.11 Since (|2.2p is a quasi-linear symmetric hyperbolic system, short-time existence 
follows from much more general case showed in [521 Theorem 1.2, Proposition 1.3 
and Proposition 1.4 in Chapter 16]; see also [15]. 

Lemma 3.1 (local existence). Suppose that Vq G H'^{M.^^) satisfies (|2.4p . Then, 
there is Tq > such that the Cauchy problem (|2.2p - (|2.3p admits a unique solution 
on [0,To) with 

V e C([0, To); H^(]R3)) n Lip{[Q, To); H^-^W")). 

Moreover, the local solution can be extent as long as its W^ °°-norm is bounded; 
see [221 Proposition 1.5 in Chapter 16]. 

Lemma 3.2 (extension). Suppose that V G C([0, T); i7^(R'^)) solves the system 
(1221) for t e (0, T) with T > 0. Assume also that 

sup ||y(t)||w-i,oc < 00. 

0<t<T 

Then, there exists Ti > T such that V extends to a solution to (|2.2p . belonging to 
Ci[0,T,);H^{R^)). 

Proof of Proposition jUll Let A > 0, C > be defined in jS^) and C2 > be 
chosen such that 

Ikll^ < C2£n{V) 
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for V = [a, V, E, B]. Fix S2 > such that 

and let Vq G H^{R^) satisfy and £N{Va) < 62. Now, let us define 

3V <E C([0, t); H^{R^)) to the Cauchy problem ] 
(E^l-dlSl) with sup Sn{V{s)) < 252 f • 

From Lemma l3.ll and continuity of £N{V{t)) in time, T, > holds true. Sup- 
pose that is finite. Then, there exists V G C{[0,T^); (R^)) to the Cauchy 
problem (|2.2p - p.3p with supQ^^^rp^ £n{V{s)) < 262- Notice that the case when 
supQ<g^y £n{V{s)) < 2S2 can not occur due to the definition of and Lemma 
as well as continuity of £N{V{t)). Thus, if T, is finite, then 



T, = sup <t>Q 



(3.13) sup £n{V{s)) ^ 252. 

a<s<T, 

On the other hand, by the choices of 62 and Vq, it follows from Theorem 13 . 1 1 that 

(3.14) sup £N{V{t)) + ^ ( ' VN{V[t))dt<52. 

0<t<T, ^ Jo 

This is a contradiction to p.l3p . Then, ~ 00 holds true. Here, we remark 
that although Theorem 13.11 holds for smooth solutions, p.l4p is still true for V G 
C{[0,T^); (R^)). Finally, uniqueness of solutions and Lipschitz continuity in 
(|2.12p follow from Lemma 13. 1[ and (|2.13p holds for any i > by Theorem 13.11 and 
the choice of 62- This completes the proof of Proposition [2TTJ 



4. Linearized homogeneous system 

In this section, in order to study in the next section the time-decay property of 
solutions to the nonlinear system (|2.2I) or (|2.5p . we are concerned with the follow- 
ing Cauchy problem on the linearized homogeneous system corresponding to the 
reformulated version (|2.5p : 

( dtp + V ■u = 0, 



(4.1) 



dtu + 7V/9 + E + u = 0, 
dtE-W X B -u^O, 
dtB + V X E = 0, 



[V -E^-p, V • S = 0, t > 0, x G R^, 
with given initial data 

(4.2) U\t^o = Uo:^[po,uo,Eo,Bo], a: G R^ 
satisfying the compatible condition 

(4.3) V-Eo = -po, V-Bo = 0. 

Here and through this section, we always denote U ~ [p, u, E, B] as the solution to 
the first-order hyperbolic system (|4.ip . As mentioned before, we remark that in the 
case of the linearized homogeneous system, it is more convenient to consider (|4.ip 
than the linearized version from p.2p , and on the other hand, since smooth solutions 
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to the nonlinear systems (|2.2p and (|2.5p are equivalent, time-decay properties of the 
solution to p.Sp can be directly applied to (\2.2\i . 

The rest of this section is arranged as follows. In Section HTTl wc derive a time- 
frequency Lyapunov inequality, which leads to the pointwise time-frequency upper- 
bound of solutions. In Section l4?2l based on this pointwise upper-bound, we obtain 
the elementary L^-L' time-decay property of the linear solution operator for the 
Cauchy problem (|4.1|) - (j4.2|) . In Section [4.31 wc study the representation of the 
Fourier transform of solutions. In Section 14.41 we apply results of Section 14.31 to 
obtain the refined L^'-L^ time-decay property for each component in the linear 
solution [p,u,E,B] to the Cauchy problem (|47T1) - (|4!2)) . 

Through this section, we also introduce some additional notations. For an inte- 
grable function / : K."^ R, its Fourier transform is defined by 

3 

f{k)= e-'''-^f{x)dx, x-k:=y"xjkj, fc e M^ 

where i = V~l S C is the imaginary unit. For two complex numbers or vectors a 
and b, (a | b) denotes the dot product of a with the complex conjugate of b. 

4.1. Time- frequency Lyapunov functional. In this subsection, we apply the 
energy method in the Fourier space to the Cauchy problem (|4.ip - (|4.3p to show that 
there exists a time- frequency Lyapunov functional which is equivalent with 
and moreover its dissipation rate can also be characterized by the functional itself. 
The method of proof is similar to that for the proof of Theorem [ST] in the nonlinear 
case. Once again, as in Remark iB.l) we mention [6l[7| and [24] for the similar idea. 
Let us state the main result of this subsection as follows. 

Theorem 4.1. Let U{t,x), t > 0,x € M."^ , be a well-defined solution to the system 
(j4.ip . There is a time-frequency Lyapunov functional £{U(t,k)) with 

(4.4) 8{U) ^ \U\^ |/3|2 + \u\^ + \E\^ + \B\^ 
satisfying that there is X > such that the Lyapunov inequality 

(4.5) j^Srn, k)) -f ^^^^EiUit, k)) < 
holds for any t > and fc G M'^ . 

Proof. It is based on the Fourier analysis of the system (jLTJ). For that, after taking 
Fourier transform in x for (|4.ip . U = [p,u,E,B] satisfies 

' dtp -t- ik ■ u = 0, 
dtu + 7ifcp + i? + ?1 = 0, 
dtE — ik X B — u = 0, 
dtB + ikx E = 0, 
[ik-E = -p, k-B = 0, t>0, fceR^. 
First of all, it is straightforward to obtain from the first four equations of (|4.6p that 

(4.7) ^dt\[^p,u,E,B]\^ + \u\^^0. 



(4.6) 
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By taking the complex dot product of the second equation of (|4.6p with ifc/5, using 
integration by parts in t and then replacing dtp by the first equation of (|4.6p . one 
has 

dt{u I ikp) + (1 + 7|fcnip|' = \k ■ - {ii I ikp), 
which by taking the real part and using the Cauchy-Schwarz inequality, implies 

dt'niu I ikp) + A(l + |fc|2)|p|2 < C(l + \k\^)\u\^. 
Dividing it by 1 + gives 

(4.8) dt^^^ + X\pf<C\uf. 

In a similar way, by taking the complex dot product of the second equation of (|4.6p 
with E, using integration by part in t and then replacing dtE by the third equation 
of (14.61). one has 



(4.9) dtiii I E) + 7|fc • + \E\^ = ~{u \E) + {u\ikx B) + jftp, 

where we used ik ■ E = —p to obtain 

(7ifc/5 I E) ^ -/{-ik ■ E\ik- E)^-/\k- E\'^. 
Taking the real part of (|4.9p and using the Cauchy-Schwarz inequality implies 

dm{u I E) + A(|fc • + l^p) < C|itp + ^{u I ik X B), 
which further multiplying it by |fcp/(l + |fcp)^ gives 

|fcp9l(u| j^) ^ A|fcp(|fc.gp + |j^P) . ^1 .,2 ^ |fcp9^(zl Mfc X ^) 

(l + |fc|2)2 + (l + |fc|2)2 <^l"l + + ■ 

Similarly, it follows from equations of the electromagnetic field in (|4.6p that 

9t(-ifc x 13 \ E) + \k y. I3\^ = \k y. - {ik x 13 \ u), 
which after using Cauchy-Schwarz and dividing it by (1 -t- |A:p)^, implies 

^^■^^> '^^ {i + \k\^y +(i + |fcP)2 ^ (i + lfc|2)2+^N • 

Finally, let us define 

g(£/(t,fc)) = |[V7P,^,i^,g]P+^^l l + |fc|2 (;'^|fc|2)2 

fR(-ifc X B\E) 



+ K3 



{i + m^ 



for constants < K3 ^ K2 ^ ki <C 1 to be chosen. Let < Ki <C 1, i = 1, 2, 3, be 
small enough such that (|4.4p holds true. On the other hand, by letting < K3 ^ 
K2 ^ ^ 1 be further small enough with ^3^^ ^ '*3i the sum of (|4.7p . (|4.8p x Ati . 
(j4.10p xAt9 and (|4.1ip xKc. gives 

(4.12) a,£:(J7(i, fc)) + X\[p,ur + (i + |||2)2 l[-^-^]l' =^ 0' 
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where we used the identity \k x = |fcp|i3p due to k ■ B = and also used the 
foUowing Cauchy-Schwarz inequahty 



K2|fc|2<n(M \ikx B) ^ K 



1/2, 
2 I 



,3/2 



(l + |fc|2)2 - 2(l + |fc|2)2 2(1 + |A:|2)2- 
Therefore, dM} follows from (|4T2l) by noticing £{U{t,k)) - |J7p and 



\[E.B] 



(l + |fc|2)2 

This completes the proof of Theorem 14.11 



> 



(l + |fc|2): 



:\UY 



□ 



Theorem 14 . 1 1 direct Iv leads to the pointwise time-frequency estimate on the mod- 
ular \U{t,k)\ in terms of initial data modular |[/o(fc)|- 

Corollary 4.1. Let U{t,x), i > 0,x e R'^, be a well-defined solution to the Cauchy 
problem ((i?T|) - (|i3)) . Then, there are A > 0, C > such that 

(4.13) |?7(t,fc)| < Ce"(^7rW|f7o(fc)| 

holds for any t>0 and fc G K'^. 

4.2. LP-L'' time-decay property. In this subsection we study the U-L'' time- 
decay property of the solution U to the Cauchy problem (j4.1[) - (|4.2p on the basis of 
the pointwise time-frequency estimate (j4.13p . The refined L^-L'^ estimates on each 
component in U will be given Section 14.41 Formally, the solution to the Cauchy 
problem is denoted by 



(4.14) 



Uit) 



Uo, 



where e*^, i > 0, is called the linear solution operator. The main result of this 
subsection is stated as follows. 

Theorem 4.2. Let l<p,r<2<q<oo,£>Q and let m > be an integer. 
Define 



(4^5) 



3(1-1)1- 

r q 



[i + - ^)]- + 1 whenr or 

or £ is not an integer, 



when r ^ q = 2 
and £ is an integer, 

where [•]_ denotes the integer part of the argument. Suppose Uq satisfies ()4.3[) . 
Then, e*^ satisfies the following time-decay property: 

(4.16) iiv'V^l/oIIl. <c(i + t)-^(^-i)-^||;7o||LP 

-f c(i+t)-i||v™+[^+=^(^"i)i+c/o|U. 

for any t > 0, where C = C{p,q,r,£, m) . 

Proof. Take 2 < q < oo and an integer m > 0. Set U{t) = e^^Uo. From Hausdorff- 
Young inequality. 



(4.17) ||V'"C/(t)||i,(K3) < C 
< C 



\kruit) 
\kru{t) 



Li' (ml) 

L<!'(|fc|<i) 



C 



\kruit) 



Li'{\k\>l) 
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where ^ + 



1. Notice that using the lower bounds 



(1 + |lp)2 - ' 2 - ^' """"^ (1 + |fc|2)2 - 4|/fcP 



> 



if |fc| > 1, 



it follows from that 

\U{t,k)\ < 
Thus, as in [H] or [TU], 



(4.18) 



\kru{t) 



Ce"^l'=l'*|f7o(fc)| if|fc|<l, 
Ce~W7|[7o(fc)| if|fc|>l. 



< c(i + t)-^(^-^)-^!ic/o||LP 



L9'(|fc|<l) 

for any I < p < 2. On the other hand, letting £ > 0, one has 



\krm 



< sup I -^e 



Li'{\k\>l) 



Since 



|fc|>i 



1 



sup jYjje ^ < C(l + t)"2, 



|fc| 



it follows that 



(4.19) 



\kru{t) 



L<!'(|fc|>l) 



L9'(|fe|>l) 



Now, take 1 < r < 2 and fix e > small enough. By Holder inequality 1/q' = 
1/r' + (r' - q')/{r'q') with i + i = 1, 



(4.20) \kr+^Uo 



< 



Li'{\k\>l) 
\k\~^'+ 



\k\- 



Uo 



i''(|fc|>i) 



L^{\k\>l) 



< C 



L-'(\k\>l) 



L'-'(|fc|>l) 



When r = q = 2 and £ is an integer, 

,|,n+£+(i-i)(3+.)j^^ 

L'-'(|A;|>1) 



L2(|fe|>l) 



< C|lV"+^[/o|l 



which after plugging into ()4.20p and then (|4.19p . together with ()4.18p and (|4.17p . 
implies (|4.16p . When r ^ 2 or g 7^ 2 or ^ is not an integer, by letting e > small 
enough, it follows from HausdorfF- Young inequality that 



< 



L'-'{\k\>l) 



|^p+[£+3(i-i)]- + l^^ 



L'-'(|fe|>l) 

<C||V'"+[^+3(^-^)1+C/o||l., 



which, similarly after plugging into (|4.20p and then (|4.19p . together with (|4.18p . 
implies (|4.16p . This completes the proof of Theorem 14.21 □ 
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4.3. Representation of solutions. In this subsection, we furtliermore explore the 
exphcit solution U = [p,u,E,B] = e*^[/o to the Cauchy problem ()4.ip - (|4.2p with 
the condition (j2.7|) or cquivalcntly the system (j4.6p in the time-frequency variables. 
The main goal is to prove Theorem 14.31 stated at the end of this subsection. 

Taking the time derivative for the first equation of (14.11) and using the second 
equation of ()4.1|) to replace 9fW, it follows that 

dttP - 7Ap - V- £;-V-u = 0. 

Further noticing V ■ E = —p and V • u = —dtp, one has 

(4.21) dttp-l^P + P + dtp = 0. 
Initial data is given by 

(4.22) p\t^n = po = -V • Eo, dtp\t=o = -V • wq. 

By solving the Fourier transform of the second order ODE (|4.21|) - ()4.22|) as 

dttP+{l + l\k\^)p + dtp^Q, 
p\t=o = Pa = -ik ■ Eq, 
dtp\t=o = ~ik ■ uo, 
it is easy to obtain 



(4.23) pit, k) = poe"^ cos(V3/4 + 7|/c|2t) 

, ^. sin(V3/4 + 7|fcpt) 

Again using V ■ E = —p, (|4.23p implies 

k ■ E{t, k)^k- Eoe-i cos(v/3/4 + 7|A:|2t) 



r .If, . , _t sin(^3/4 + 7|fc|2t) 
+k- {-Eo + uo)e 2 — ' " 1^. 

Here and in the sequel we set k = k/\k\ for |fc| 7^ 0. Similarly, taking the time 
derivative for the second equation of (|4.ip and then replacing dtp, dtE by the first 
and third equations of (|4.ip . it follows that 

^^^u - 7VV • w + V X S + u + = 0. 

Further taking the divergence, one has 

(4.24) 5tt(V • u) - 7AV • u + V • u + 9fV • It = 0. 
Notice 

(4.25) V-u|(=o = V-Mo, 

(4.26) atV • u|t=o = -7AP0 - V • £^0 - V • Mo = -7AP0 + Po - V • uq- 

Similarly, by solving the Fourier transform of the second ODE (|4.24p with (|4.25p - 
(P:^ as 

dttik ■u) + {l+ l\k\^){k ■u) + dtCk-u)^ 0, 
(k ■ u)\t=a ^k-UQ, 

dt{k ■ u)\t=o = k ■ {-ijkpo - Eq ~ iio), 
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one has 

k ■ u{t, k) = k- uoe^^ cos{^/3/ 4 + '-f\k\'^t) 



+k-{--uo-i-fkpQ-Eo)e ^ — . 

2 V3/4 + 7|A:|2 

Next, we shall solve 

Mi(i, A;) := -fc x (fc x fc)), 
M2(i, /c) := -kx {kx E{t, k)), 
Msit^k) := -kx {kx B(t,k)), 

for t > and ^ 0. Taking the curl for the equations of dtu, dtE, dtB in (|4.ip . it 
follows that 

' 9t(V xu) + Vx£; + Vxit = 0, 
dt{V X - V X (V X S) - V X u = 0, 
9t(V X B) + V X (V X .B) = 0. 
In terms of the Fourier transform in x, one has 

r dtMi = -Ah -M2 

(4.27) < StAfa = Mi +ifc x A/3 
[ dtAh = -ik X M2 

with initial data 

(4.28) [A/i,A//2,M3]|t^o = [A/1,0, A/2,0, M3,o]- 
Here, we have defined 

A/1,0 = ~k X {k X uo), A/2,0 = ~~k X {k X Eq), A/3,0 = —k x {k x Bq). 

Taking the time derivative for the second equation of (|4.27p and then using the 
other two equations to replace dtMi and dtM^ gives 

^tt A/2 = -A/i - A/2 + kx{kx A/2), 

which from k x [k x A/2) = — |fcpA/2 due to k ■ A/2 — 0, implies 

(4.29) c)ttA/2 + (l + |A:|2)A/2 = -A/i. 

Further taking the time derivative for (|4.29p and replacing dtMi by the first equa- 
tion of (|4.27p . one has 

(4.30) dtttM2 + (1 + \k\'')dtM2 = -9tA/i = A/i + A/2. 

The sum of (1429)1 and (|4:30)) yields the following three order ODE for A/2: 

(4.31) dtttM2 + duM2 + (1 + \k\^)dtM2 + |fc|'M2 = 0. 
Initial data is given as 

{M2|t=0 = M2,0, 
9tM2|t=o = Mi,o + ifcx A/3,0, 
dttM2\t=a = -A/1,0 - (1 + |fcp)M2,o. 
The characteristic equation of (|4.3ip reads 

F{x) ■■= X' + X' + (1 + Ifcnx+|A:P = 0. 

For the roots of the above characteristic equation and their basic properties, one 
has 
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Lemma 4.1. Let \k\ ^ 0. The equation F{x) = 0; X ^ C, has a real root a = 
(T(|fc|) G ( — 1,0) and two conjugate complex roots x± = P ±iuJ with f3 = f3{\k\) G 
(—1/2,0) and oj ^ u}{\k\) G (\/6/3, oo) satisfying 



a + 1 1 



(4.33) /3 = Lo = -v/3o-2 + 2(7 + 3 + 4|fc|2. 

a, (3,1X1 are smooth over \k\ > 0, and <7{\k\) is strictly decreasing in \k\ > with 
lim a{\k\) = 0, lim cr(|fc|) = -1. 

|A;|-S.O |fe|^-oo 

Mover, the following asymptotic behaviors hold true: 

a(|fc|) = -0(l)|fcp, /3(|fc|) = -i + 0(l)|fcp, c.(|fc|) = ^ + 0(l)|fc| 
whenever \k\ < 1 is small, and 

c7(|fc|) = -l+o(l)|fcr^ m\) = -oii)\k\-\ cUkD^omi 

whenever \k\ > I is large. Here and in the sequel 0{1) denotes a generic strictly 
positive constant. 

Proof. Suppose |fc| ^0. Let us first find tlie possibly existing real root for equation 
F(x) = over x € M. Notice that 

F'(x) = 3x' + 2x + (1 + \kf) = 3(x + Ir + (1 + \k\') > 

and F{0) = > 0, F{—1) = — 1 < 0, then equation F{x) = indeed has one 
and only one real root denoted by cr = c^d^l) satisfying — 1 < cr < 0. Since F{-) is 
smooth, then o-(-) is also smooth in > 0. By taking derivative of F{(j{\k\)) — 
in |fc|, one has 

'(\k\\ = -2|fc|[l + '^(fc)] ^ „ 

^' 3[a(fc)]2+2a(|fc|) + |A;|2 + l ^ 

so that cr(-) is strictly decreasing in |fc| > 0. Since F{a) — can be re-written as 

\k\' 



'^(1 + ^) , ^ 



1 



l + |fcP 

then (7 has limits and —1 as |fc| and |fc| — > oo, respectively, and moreover 
(7 = — 0(l)|/sp whenever |fc| < 1 is small. F{a) = is also equivalent with 

1 

(7+1- 



2 + l+|fc|2- 

Therefore, it follows that cr = — 1 + 0(l)|fc|~2 whenever |fc| > 1 is large. 

Next, let us find roots of F{x) = over x G C. Since F{a) = with ct G M, 
F{x) = can be factored as 

Fix) = ix- <J)[{X - <y? + (3a + l)(x - a) + 3^2 + 2a + \k\^ + 1] = 0. 

Then, two conjugate complex roots x± = P ±ii-o turn out to exist and satisfy 

(X - (yf + (3ct + l)(x - 0-) + 3(7^ + 2a + \k\^ + 1 = 0. 

It follows that P = j3{\k\),uj ~ x}{\k\) take the form of (|4.33p by solving the above 
equation. Notice that the asymptotic behavior of w(|fc|), fi{\k\) at = and oo 
directly results from that oi a{\k\). This completes the proof of Lemma HTT] □ 
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From Lemma 14.11 one can set the solution of (|4.3ip as 
(4.34) M2{t,k) =ci(fc)e'"* + e'^*[c2(fc) cos + C3(fc) sinwi], 

where Ci(fc), 1 < i < 3, are to be determined by (|4.32|) later. In fact, (|4.34|) implies 





M2\t=0 




Cl 




I3 I3 


O3 


(4.35) 


dtM2\t=o 




C2 


, A:= 




WI3 




duM2\t=o 




.^3. 




a^Ia (/32- 0,2)13 


2/?C^l3 



It is straightforward to check that 

detA = w[w2 + (cr - pf] = w(3a2 + 2a + 1 + |fc|2) > 

and 



1 



dctA 



(/32+w2)^jg -2/3a;l3 wis' 

cr(cr - 2/3)wl3 2;3wl3 -WI3 

a(/32+^2_^^)I^ (^2^^2_^2)lg (/3-a)l3 



Notice that together with gives 



Cl 




O3 


C2 


= 


I3 


C3 




I3 



I3 03 

O3 ikx 

-(l + |fc|2)l3 O3 









M2.0 




M3,o 



which after plugging A ^ ^ implies 



[C1,C2,C3] 



1 



det^ 

-(2/3 + l)wl3 (/32+w2 



— I)a;l3 —2(3ujikx 



{213 + l)wl3 (cr2 _ 2(7/3 + |fc|2 + l)wl3 2/?wifcx 



(a2 + w2 - /32 

-/3 + ^T)l3 



- w2 - (7/3) (a2 + ( 



-(/3-(7)(l + |fc|2)]l3 



Mi,o 

Af2,0 

M3.0, 



Here [-J-^ denotes the transpose of a vector. Using the form of /3 and w to make 
further simplifications, one has 



(4.36) [ci,C2,C3]' 



1 



3(72+ 2(7+ l+|fc|2 

CTI3 (7((7 + 1)13 

-(7I3 (2(72+(7+|fc|2 + l)l3 

-I3 



icr^ + 4cr+l+|A,+ T (g+l)(g+l + H,+ ) T 
2Z ^3 



((7 + l)ifcx 
— ((7 + l)ifcx 

hl±MML^kx 





'Ml/ 




M2,0 




M3.0 



Now, in order to get Mi{t,k) and M^^it^k) from M2{t,k), it follows from the first 
and third equations of (|4.27p that 



Mi(t,k) = A/i,o(fc)e" 



'(*-")M2(s,/c)(is 



M3(t, k) = Mzfi{k) -ikx Ahis, k)ds 
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Putting ()4.34p into the above equations and taking integrations in time gives 
Mi{t,k) = [Mi,o(fc) + C4(fc)]e- 



-t ci(fc) 4 



l+CT 



—^^^l—el^' [(1 + /3) cosujt + UJ sin wi] 
(1 + p)^ + 



C3(fc) Jit 



(l+/3)2+C^^ 



and 



[(1 + 13) smujt — lo cos wt] 



M3(t, fc) = [il/3 o(A:) + ifc X C5(fc)] - ifc X -^^e' 
—ik X J?^^^ „ e^* [/ScosLot + ujsinujt] 



ifc X ^l?'^^^^ „ e*^* f/3 sin ujt — uj cos wtl 

^2 + J 



where C4(fc), C5(fc) are chosen such that [A/i, MsJI^^q — [-^A.o> -^-^3.0] by (|4.28p and 
hence 

[(1 + + 0.2^ (1 + /?)(! + a), + a)][ci, C2, C3]^, 

'^5(^) = ,02 , 2\ + W^cr^,-0•w][Cl,C2,C3]^. 

Notice that after tenuous computations, one can check that 

Afi,o(fc)+C4(fc) = 0, 
M:ifi{k) +ikx C5{k) = 0, 



for all |fc| 7^ 0. Then, 



ci(fc) at 



(4.37) Mi(t,k) = i^e' 

1 + cr 



(1/^2+^2 ^^* [(1 + /3) COS + Sin c^i] 



(1 + /?)^ 

^■e'^^ [(1 + P) sinujt — uj cos wt] 



C3(fc) ^pt 



(l + /3)2+w2 



and 



(4.38) M3(i, fc) = -ik x -^e 

(7 



-ik X ^^(^^ cos + cj sin wt] 

p^ + 



i/c X — -e^* \Bsmujt — ojcosojt] . 



Now, let us summarize the above computations on the explicit representation of 
Fourier transforms of the solution U = [p, w, E, B]. 
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Theorem 4.3. Let U = [p,u,E,B] be the solution to the Cauchy problem ()4.ip - 
()4.2p on the linearized homogeneous system with initial data Uo = [po,uo, Eq, Bq] 



satisfying (g^]). For t > and k G with \k\ ^ 0, one has the decomposition 



(4.39) 



where u\\^^u\^ are defined by 
and likewise for En , Ej_ and B±. 



' p{t,k)- 




' p{t,k) ' 




' 


u(t, k) 




u\\{t,k) 




Mj_(t, fc) 


E{t,k) 






+ 


E^{t,k) 


_B{t,k)_ 









.B±{t,k)_ 



= — fc X (A: X ti) = (I3 — /c ® k)u, 
Denote 



'Mi{t,ky 




' u±{t,k) ' 




"Mi,o(fc)" 




'uo,±{k) ' 


M2it,k) 




Ei_{t,k) 


1 


M2,o{k) 






Ah{t,k) 




_B±it,k)_ 











(4.40) 



Then, there are matrices G\y^'j{t,k) and Gl/y,g{t,k) such that 



(4.41) 



and 



p{t,k) 
u\\{t,k) 
Eu{t,k) 



M,it,k) 

M2{t,k) 
M3{t,k) 



G\y.'j{t, k) 



^11 



(t,fc) 



where Gj^j{t, k) is given by 

(4.42) G^^7 = e-i cos{y/3/A + -f\k\H)h 



+e~ 



.sin(v/3/4 + 7|/c|2t) 



Po{k) 
"0,11 (fc) 
^0.11 (fc) 



Mi,o(fc) 
M2fl{k) 
M3,o{k) 



1/2 -ik 
-i'^k -1/2 -1 
1 1/2 



and Gll^g{t,k) is explicitly determined by representations (|4.37p . (|4.34p . ()4.38p for 
Mi(t,k), M2{t,k), M3(t,k) withci{k), C2{k) and c^{k) defined by (|4.36p in terms 
ofMi^oik), M2fl{k), M3,o(fc). 

4.4. Refined U'-L'^ time-decay property. In this subsection, we use Theorem 
14.31 to obtain some refined U'-L'^ time-decay property for each component in the 
solution [p^u,E^B]. For that, we first find the dehcate time- frequency pointwise 
estimates on the Fourier transforms p, u, E and B in the following 

Lemma 4.2. Let U = [p,u, E, B] be the solution to the linearized homogeneous 
system (j4.1l) with initial data Uq = [po,U(), Eq, Bq] satisfying (|4.3p . Then, there are 
constants X > 0, C > such that for all t > 0,k <E , 



(4.43) 



\p{t,k)\<Ce'^\[po{k),Mk)] 



22 



R.-J. DUAN 



(4.44) \u{t,k)\ < Ce-^\[po{k),Mk),Eo{k)]\ 
+ C\[uo{k),Eo{k),Bo{k)]\ 



-At 



\k\e 



if\k\<l 
*/|fc|>l, 



(4.45) \E{t,k)\<Ce-^\[uo{k),Eo{k)]\ 

+ C\[uo{k),Eo{k),Bo{k)]\ 

and 

(4.46) \B{t,k)\ < C\[uo{k),Eo{k),Bo{k)]\ ■ 



-At 



\k\e- 



-A|fc|^t 



-At 



z/ |fc| < 1 
*/ |fc| > 1, 

zf\k\ < 1 
z/|fc| > 1. 



Proof. Recall the decomposition (|4.39p of [p,u, E, B]. It is straightforward to ob- 
tain upper bounds of each component in the first part [p, {t||, £^11 , 0] due to (|4.4ip 
and (|4.42p . which lead to (|4.43p and the first term on the r.h.s. of both (|4.44p 
and (|4.45p . The rest is to find the upper bounds of the second part [0, u±,E±, B±] 
or equivalently [Mi, M2, M3] in terms of [uq, Eq, Bq] by (|4.40p . Next, let us con- 
sider the upper bound of Mi(t, fc) defined in ()4.37p . In fact, by Lemma [4.11 it is 
straightforward to check ()4.36p to obtain 



Cl 




r-o(i)ifci% 


-0(l)|fcpl3 


C2 




-0(l)|fcpl3 


0(l)l3 


_C3_ 




0(l)l3 


0(l)l3 



as |fc| — 7> 0, and 



Cl 




r-o(i)|fc|-2i3- 


-0{l)\k\-% 


C2 




-0(l)|fc|-2l3 


0{l)h 






. 0(l)|fc|-ll3 





Oil)\k\-^ikx 
-0{l)\k\-^i~kx 
0{l)ikx 





"Afi,o" 








M3,0 



as |fc| — ?> 00. Moreover, one has 
1 + 



and 



/o(i) 

\o(i)ifcr 



/o(i) 



as |fc| 
as |fc| 



0, 
00, 



as |fc| 0, 

(l + /3)2+w2 " \0(l)|fc|-i as\k\^(X). 
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Therefore, after plugging the above computations into ()4.37|) . it holds that 



as |fc| — >• 0, and 
Ah{t,k) = 



-0(l)|fcpMi,o - 0{l)\k\Hh,o + Oil)\k\ik X M3,oj 

• 0(l)e'"(*^'* 

0(l)|fcpA/i.o + 0(l)A/2,o - 0{l)\k\ik X Afa.o) 

• (O(l)coswt + 0(l)sinwt)e'^(''')* 
0(l)A/i.o + 0(l)A/2,o + 0(l)|fc|^fc x A/3,0) 

• (O(l)sint- O(l)cosa;0 e'^^''^\ 



-0(l)|fc|-2Mi,o - Oil)\k\-H'l2,o + 0{l)\k\-Hk X M3.0) 

•0(l)|fc|2e'"('=)* 
0(l)|fc|-2A/i.o + 0(l)i\/2,o - 0(l)|fc|-3ifc X M3,o) 

• (0(l)|fc|-2 coswt + 0(l)|fc|-i sinwt) e'^^*'')* 
O{l)\k\-Hh.o + 0(l)|fc|-3M2,o + 0(l)*fc X M3,o) 

• (0(l)|fc|-2 sintjt - 0{l)\k\~^ cosujt) e^'^^^\ 

as |fc| — cx). Notice that due to Lemma [4.11 again, there is A > such that 



CT(fc)>-A|fc|2, /3(fc) = -^i^il±l > -A over |fc| < 1, 
a(fc)>-A, /3(fc)^-^i^>-i^ over|fc|>l. 

Therefore, it follows that for |fc| < 1, 

\Mi{t,k)\ < C{e-^' + |fc|e-^l'^'l'*)|[Mi,o,M2,o,M3,o]|, 

and for |fc| > 1, 

\Mi{t,k)\ < C (^e-^* + ^e"^) \[Mi,Q,M2,o,A'h,o]\. 

Furthermore, since |[Mi,o, M2,o, -/\/3,o]| < \[uo{k), Eo{k), Bo{k)]\, one has 

(e-^* + Ifcle-^l*^!'*) if|/c|<l 



\M,{t,k)\<C\[uo{k),Eoik),Boik)]\ 



if \k\ > 1, 



that is the upper bound of u±{t, k) corresponding to the second term on the r.h.s. 
of (|4.44p . Hence, (|4.44p is proved. Finally, (|4.45p and (|4.46p can be proved in the 
completely same way as for (|4.44p . Here, we only mention that to estimate M^{t, k) 
defined in (|4.38|) . we need to use 

P _ [-0(1) as|/t|^0, 
/32+w2 - j_o(i)|A:|-4 as|fc|^oo. 



24 



R.-J. DUAN 



and 

LP _ r 0(1) as |fc| ^ 0, 

All the rest details are oniitted for simplicity. This completes the proof of Lemma 

□ 



Based on Lemma 14.21 the time-decay property for the full solution [p, u, E, B] 
obtained in Theorem 14 . 2 1 can be improved as follows. 

Theorem 4.4. Let 1 < p,r < 2 < q < oo, £ > Q and let m > be an integer. 
Suppose U{t) = e*^?7o the solution to the Cauchy problem (j4.ip - (j4.2p with initial 
data Uq ~ [po,uq, Eq, Bq] satisfying (|4.3p . Then, U ~ [p,u, E, B] satisfies the 
following time-decay property: 

(4.47) ||V"V(t)|U, < Ce-I (||[po,"o]||l. + || V"+[3(^-i)l+ [po, ^o] Ik-) , 

(4.48) ||V"u(i)||M < Ce--- [\\pohp + II V^+I^^^-i^l+poiU^) 

+ C{l + t)-^^^--^^-'^\\[uo,Eo,Bo]\\L^ 

+ c(i + 1)-^ II v-+[^+3(^-i)i+ K, i^o, So] Ik^, 

(4.49) \\\7"'Eit)\\L,<Cil + t)-^^^--.^-'^\\[uo,Eo,Bo]\\L^ 

+ C(l + i)-4 II V'"+[^+3(^-i)l+ [uo, Eo, Bo] hr, 

and 

(4.50) \\V'''B{t)\\L. < C{1 + t)-^<^^-^^-^\\[uo,Eo,Bo]\\Lp 

+ C(l + i)-^ II V'"+[^+3(i-i)]+ [^^^ ^^]||^^^ 

for any t > 0, where C = C{p, q, r, £, m) and + 3(i — i)]-|_ is defined in (|4.15p . 

Proof. Take l<P,^5:2<(7<oo and an integer m > 0. Similar to (|4.17p . it 
follows from (j4.43p that 

l|V™p(t)L. < (|||fcr[/5o,iio]IL,'(|,|<i) + ll|fcr[/5o,^io]IL,'(|fe|>i)) ■ 

It further holds that 

ll|fcr[/5o,"o]IL,'(|fe|<i) <q|[po,wo]||L. 

and 

\\\kr[kM\\L-.'m>i) ^ ^IIv"+^'^'-'^i+[po,«o]||l^ 

where we obtained the second inequality by using the similar method as for (|4.20p 
which can be applied with £ = 0. Then, (|4.47p follows. To prove (|4.48p . it similarly 
holds that 

iiv™^(oiilj <^^iiifcr^(oiiL,'(i,i<i) + ciiifcrxi)iiL,'(ifci>i)- 

where from ()4.44p . the first part is bounded by 

\\\krm\\L.'m<i)<Ce---\\po\\L.+Ce-^%uo,Eo,Bo]\\L. 

+ C{l+t)-"^^-v--.^-'^\\[uo,Eo,Bo]\\Lp, 
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and the second part is bounded by 



iiifcr^wii 



L'3'(|A;|>1) 



< Ce-5 



\k\ 



^+(^-i)(3+e) 



[/5o,uo,£'o] 



L"- (|fc|>l) 



Ce 



-At 



|fc| 



+ c{i + ty 



L-- (|fe|>l) 



L'-'(|fc|>l) 



Here, ^ > 0, e > is a smaU enough constant, and also we used 

1 



sup 

|fe|>i 



\k\ 



< cii + ty 



Collecting the above estimates on u yields (|4.48p . In the completely same way, 
(j4.49p and (|4.50p follows from (|4.45p and (|4.46p . respectively and details of proof 
are omitted for simplicity. Here, we only remark that the first term on the r.h.s. 
of (|4.45p results from the fact that the term decaying in the slowest time rate over 
|fc| < 1 on the r.h.s. of (|05)) is 



and hence 



\k\ 



m+1 — A|A;ht 



C\[uo{k),Eoik),Bo{k)]\-\k\e 



K(fc),^o(fc),So(fc)] 



-A|fc|^t 



i''(|fc|<l) 

< C{l+tyi^-.--.'>-'^\\[uo,E„,Bo]\\L.. 
This completes the proof of Theorem 14.41 □ 

For later use, from Theorem 14.41 let us list some special cases in the following 



Corollary 4.2. Suppose U{t) = e^^Uo is the solution to the Cauchy problem (|4.ip - 
()4.2p with initial data Uq = [po,uq, Eq^ Bq] satisfying (|4.3p . Then, U = [p,u, B] 
satisfies the following time- decay property: 



(4.51) 



and 



(4.52) 



f ||p(t)|| <Ce-^||[po,^o]||, 
\\uit)\\<Ce~-2\\po\\+C{l + t)-i\\[uo,Eo,Bo]hinH-, 
\\E{t)\\<C{l + t)-^m[uo,Eo,Bo]\\ 
[\\Bit)\\<Cil+t)-l\\[uo,Eo,Bo]hinH^, 

||p(i)llL- < Ce-^\[po,UQ]\\^2r,H2, 

imi)||L- <Ce-t||po|li2nH2 +C(l + t)-2||[uo,i?o,i?o]ILinij5, 
\\EmL^ < Cil+ty^\\[uo,E„,Bo]hinm, 
[ \\BmL^ <C{l+t)-^\[uo,Eo,Bo]\\LinH^^ 



and moreover, 



(4.53) 



f \\\/B{t)\\<C{l+tyi\\[uo,Eo,Bo]\\L,r,H^, 

\ \\V^[E{t), B{t)]\\ < C{1 + t)-i II [uo, Eo,Bo]h.^H-+^- 
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5. Decay in time for the nonlinear system 

In this section, wc shall prove Proposition 12.21 and Proposition 12.31 by boot- 
strap argument. Concerning the solution V = [a, v, E, B] to the nonlinear Cauchy 
problem (|2.2l) - (|2.3p . the first two subsections are devoted to obtaining the time- 
decay rates of the full instant energy and the high-order instant energy 
II Vy(t)|||^_]^, respectively, and in the last subsection, we investigate the time-decay 
rates in L'' with 2 < g < oo for each component tr, v, E and B of the solution V . 

In what follows, since we shall apply the linear L'P-L'' time-decay property of 
the homogeneous system (|4.ip studied in the previous section to the nonlinear 
case, we need the mild form of the original nonlinear Cauchy problem (j2.5p - (|2.6|) . 
Throughout this section, we suppose that U = [p, u, E, B] is the solution to the 
Cauchy problem (|2.5p - (|2.6p with initial data Uq = [po,uo, Eq, Bq] satisfying (|2.7p . 
Here, we remark that due to the transform (|2.ip . Proposition 12.11 also holds for U. 
Then, the solution U can be formally written as 

(5.1) C/(0 = e*^C/o + / e(*-^)^[5i(s),g2(s),.93(s),0]ds, 

Jo 

where e*^ is defined in (|4.14p and the nonlinear source term takes the form of 

{91 = -V • (pu), 
g2 = -u-Vu-ux B - 7[(1 + p)''-^ - l]V/9, 
53 = pu. 

It should be pointed out that in the time integral term of (|5.ip . given < s < t, 
it makes sense that e^*"*'^ acts on [5i(s), 52(5), 53(s), 0] since [5i(s), 52(5), 53(5), 0] 
satisfies the compatible condition (|4.3p . 

5.1. Time rate for the full instant energy functional. In this subsection we 
shall prove the time-decay estimate p.l5p in Proposition 12.21 for the full instant 
energy ||T^(i)||^. The starting point is the following lemma which can be seen 
directly from the proof of Proposition 12.11 

Lemma 5.1. Let V — [cr, v, E, B] be the solution to the Cauchy problem (|2.2p - (|2.3p 
with initial data Vq = [aQ,VQ, Eq, Bq] satisfying (|2.4p in the sense of Proposition 
Then, if £n{Vo) is sufficiently small, 

(5.3) f/N{Vit)) + XVN{V{t))<0 

holds for any t >0, where £NiV(t)), VN(V{t)) are in the form of (|2.8p and (j2.10l) . 
respectively. 

Notice £N{V{t)) ^ ||l^(i)||^, and hence it is equivalent to consider their time- 
decay rates. Though (|5.3p implies that £N{V{t)) is a non- increasing in time Lya- 
punov functional, its dissipation rate V^^Vlt)) is so weak that it does not include 
both the zero-term \\B{t)\\^ and the highest-order term \\V ^ [E (t) , B {t)]\\'^ . The 
main idea of overcoming these two difficulties is that for the latter, we apply the 
time-weighted estimate to the inequality (|5.3p and use iteration in both the time 
rate and the derivative order to remove the regularity-loss effects of the dissipative 
rate 'Dpf{V{t)), and for the former, we apply the linear U'-L'^ time-decay to bound 
||i3(i)|P in terms of initial data and the nonlinear source term. The similar idea 
has been mentioned in [5]. 
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Now, we begin with the time-weighted estimate and iteration for the Lyapimov 
inequality (|5.3p . Let £ > 0. Muhiplying ()5.3p by (1 + tY and taking integration 
over [0, t] gives 

(1 + tYsNiv(t)) + A / (1 + sYvN(y{s))ds 

Jo 

<£n{Vo) + £ I {1 + sY-^£n{V{s)). 
Jo 

Noticing 

S{V)<C{\\Bf+VN+i{V)), 

it follows that 

(1 + tY£N{V{t)) + A / (1 + sYVN{V{s))ds 
Jo 

<£NiVo) + Ce f {l + sY-'\\B{s)\\'ds 
Jo 

+ ce f {i + sY-'VN+i{v{s)))ds. 

Jo 

Similarly, it holds that 

il + tY-'SN+iiV{t)) + X f {l + sY''VN+iiVis))ds 

Jo 

<£n+i{Vo) + C{£-1) f {l + sY-^\\B{s)fds 
Jo 

+ c{e-i) f {i + sY-^VN+2{v{s)))ds, 

Jo 

and 

£N+2{V{t)) +X f VN+2{V{s))ds < £n+2{Vo). 

Jo 

Then, for 1 < £ < 2, it follows by iterating the above estimates that 

(5.4) {l + tY£N{V{t)) + X f {l + sYVN{V{s))ds 

Jo 

<C£N+2iVo)+C f {l + sY-'\\B{s)fds. 
Jo 

On the other hand, to estimate the integral term on the r.h.s. of (|5.4p . let us 
define 

(5.5) £N,ooiV{t))^ sup (l + s)ifjv(V^(s)). 

0<s<t 

Then, we have the following 

Lemma 5.2. For any t > 0, it holds that 

(5.6) \\B{t)W' < C{l+t)-i (\\[v,,Eo,B,]\\l,^^, + [£N,oo{Vm') ■ 
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Proof. Apply the fourth hnear estimate on B in (|4.5ip to the mild form (|5.1|) so 
that 

(5.7) \\B{t)\\ < C{1 + t)-i\\[uo,Eo,Bo]h,^H^ 

+ C I {I + s)-^[g2{s),g:,{s)]\\^^^jJ,ds. 
Jo 

Recall the definition (|5.2I) of 52 and 53. It is straightforward to verify that for any 
< s < 

\\[92[s),gM]\\L-nH^<C£N{U{s)). 
Notice that £n{U{s)) < C£n{V{^s)). From (g^]), for any < s < t, 

SNiViy^s)) < (1 + ^s)-^£N,ooiV{Vlt))- 
Then, it follows that for < s < t, 

Putting this into (|5.7p gives 

115(^)11 < C(l + t)-i (II [uo, Eo, Bo]hinm + SN.ooiVi^t))) 

which implies (|5.6|) since ||i3(i)|| < C\\B{t/ and [uo,Eo,Bo] is equivalent with 
[vq, Eq, Bq] up to a positive constant. This completes the proof of Lemma [521 O 

Now, the rest is to prove the uniform- in-time boundedncss of £N,oo(V{t)) which 
yields the time-decay rates of the Lyapunov functional £N{V{t)) and thus ||l^(i)||^. 
In fact, by taking ^ = § + e in (|5.4p with e > small enough, one has 

i-t 

il + t)^+'£NiV{t)) + X / il + s)^+'VNiVis))ds 

JO 

pt 

<C£n+2{V^) + C / {l + s)^+'\\B{s)fds. 

JO 

Here, using ()5.6p and the fact that £N,oo{V{t)) is non-decreasing in t, it further 
holds that 

j\l + s)'^+^\\B{s)fds < ai + tr {\\[vo,Eo,Bo]\\l,^^. + [£NMVm') ■ 
Therefore, it follows that 

{l + t)i+'£NiV{t)) + X f {l + s)^+'VN{V{s))ds 

JO 

< C£N+2iVo) + C{l + tr {\\[vo,Eo,Bo]\\l,^jj, + [£N.oo{Vm') , 

which implies 

{l + t)-^£N{V{t)) < C (£N+2{Va) + UK Jo, ^0] nil + [£NMV{t))f) , 

and thus 

£N.,oo{V{t)) < C {eN+2{Vof + [£N.oo{V{t))Y) . 

Here, recall the definition p.l4p of €M+2{yo)- Since e7v+2(Vb) > is sufficiently 
small, £N,ao[V{t)) < CeN^2{Vo)'^ holds true for any t > 0, which implies 

\\VmN < C£NiVit))'/^ < CeN+2iVo){l + tyK 
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that is (|2.15p . This completes the proof of the first part of Proposition 12.21 

5.2. Time rate for the high-order instant energy functional. In this subsec- 
tion, we shall continue the proof of Proposition 12. 21 for the second part (|2.16|) . that 
is the time-decay estimate of the high-order energy || Vl^(t)||^_j. In fact, it can 
reduce to the time-decay estimates only on || Vi3|| and || V^fi?, B]\\ by the following 
lemma. 



Lemma 5.3. Let V ~ [a, v, E, B] be the solution to the Cauchy problem (|2.2p - (|2.3p 
with initial data Vq = [ao,va, Eq, Bq] satisfying (|2.4p in the sense of Proposition 
\2.1i Then, z/£'Ar(Vb) is sufficiently small, there are the high-order instant energy 
functional £^{-) and the corresponding dissipation rate T>^{-) such that 

(5.8) l^^(^W) + ^'^NiVit)) < C\\VBf, 

holds for any t > 0. 

Proof. It can be done by modifying the proof of Theorem 13.11 a little. In fact, by 
letting the energy estimates made only on the high-order derivatives, then corre- 
sponding to p.3p . p.6|) . (|3.10l) . and p. lip , it can be re- verified that 

+ ^l|V^'||^-l < C\\VUmcT,v]\\%_„ 



l<\a\<N-l 



2 



I ^ {d-v,d-E}+X\\\/E\\%_, 



l<\a\<N~l 

< C\\Vv\\%_, + C\\V'v\\n-2\\VB\\n-2 + \\V\\%\\V[a,v]\\%_,, 

and 

I J2 (VX9"^,5"B)+A!|V2S||2,_3 

l<|a|<iV-2 

< C\\V^E\\%_, + C\\Vv\\%_, + \\V\\%ma,v]r^^,. 

Here, the details of proof are omitted for simplicity. Now, in the similar way as in 
((3?T2l) . let us define 

(5.9) £UV{t)) = \\VV\\l_, + n, (^^>5"Va) 

l<\a\<N-l 

+ K2 J2 {d"v,d"E)+K3 J2 {y >^ d°'E,d"B). 

1<|q|<JV-1 l<|a|<Ar-2 

3 /2 

Similarly, one can choose < K3 ^ K2 <C ki ^ 1 with ^ K3 such that 
£^{V{t)) ^ \\'yV{t)\\j^_^, that is, is indeed a high-order instant energy func- 

tional satisfying (|2.9p . and furthermore, the linear combination of the previously 
obtained four estimates with coefficients corresponding to (|5.9p yields (|5.8p with 
2?]^(-) defined in (|2.1ip . This completes the proof of Lemma [531 □ 
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By comparing p.9p and p. lip for the definitions of and 2?5v(')i it follows 

from (f5^ that 

p^NiVit)) + < C{\\VBf + \\V^[E, B]\n 

which implies 

(5.10) £UV{t))<£%{Vo)e-'' 

+ C [ e-^(*-^)(||VB(s)f + ||V^[^(s),B(s)]||2)ds. 
Jo 

To estimate the time integral term on the r.h.s. of the above inequality, one has 
Lemma 5.4. Let V = [a, v, E, B] be the solution to the Cauchy problem (|2.2[) - (|2.3p 



with initial data Vq = [(7o,vq, Eq, Bq] satisfying (j2.4|) in the sense of Proposition 
//e7v+6(Vo) > is sufficiently small, where eN+eiyo) is defined in (j2.14p . then 

(5.11) \\yB{t)\\-' + \\V''[E{t)M)]f<CeM+,{V,f{l+t)-i 
for any t > 0. 

For this time, suppose that the above lemma is true. Then, by using (|5.1ip in 
(|5.10p . one has 

Since £%{V{t)) - ||VF(i)|j^_i holds true for any t > 0, (f236l) follows. This also 
completes the proof of Proposition 12.21 The rest is devoted to 

Proof of Lemma 15. 4t Suppose that eN+eiVo) > is sufficiently small. Notice 
that, by the first part of Proposition 12.21 

\\V{t)\\N+i<CeN+6{Va){l + t)-i, 
which further implies from p.ip that for U = [p,u, E, B], 

(5.12) \\UmN+4<CeN+eiVo)il + t)-i. 

Similarly to obtain (|5.7p , one can apply the linear estimate (|4.53p to the mild form 
(|5.ip of the solution U (t) so that 

(5.13) \\VB{t)\\<C{l+ty-^\\[uo,Eo,Bo]h,^H^ 

+ C I {I + s)-i\\[g2{s),g:i{s)]\\^^^^,ds, 



and 

(5.14) iiv^[£;(i),i3(t)]|i <c(i + o-5|iK,£;o,i?o]ILw 



+ C / (l + s)-3|j[g2(s),93(s)]|j^,^^„^3ds. 

Recalling the definition (|5.2p of 52 and (73 , it is straightforward to check that 

\\[92{t),g,{mL^c^H^<C\\U{t)\\l..{,MV 
l|[52(0:ff3(t)]|lL2n^lv+3 <c\\um 
The above estimate together with (|5.12p give 

\\W),gzm\L^nm + ll[52(t),33(t)]|li2nij«+3 < CeN+e{VQf{l + t)-i . 
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Then, it follows from (|5J3| and ([514]) that 

\\WB{t)\\+\\W''[E{t),Bm<CeN+6{Vo){l + t)--^, 

where the smallness of ejv+6(Vo) was used. This implies (|5.1ip by the definition 
(|2.ip of E and B. The proof of Lemma [5.41 is complete. 

5.3. Time rate in L"^. In this subsection we shall prove Proposition 12.21 for the 
time-decay rates of solutions V = [a, v, E, B] in L'' with 2 < g < oo to the Cauchy 
problem ([221) -(ES]). To prove (PTTl) . ([^35)1 and (HHH), due to Proposition O 
and the transform (|2.ip . it equivalently suSices to consider the same estimates on 
U ~ [p,u,E,B] which is the solution to the other reformulated Cauchy problem 
(|2.5p - (|2.6p . Throughout this subsection, we suppose that ei3(Vb) > is sufficiently 
small. In addition, for > 4, Proposition 12.21 shows that if e7v_|.2(Vo) > is 
sufficiently small, 

(5.15) \\UmN<CeN+2iVo)il + t)--^, 
and if eN+ei^o) > is sufficiently small, 

(5.16) \\VU{t)\\N-i < CeN+6{Vo)il+t)-i. 

Now, we begin with estimates on B, [u, E] and p in turn as follows. 

Estimate on \\B\\Lg. For rate, it is easy to see from (|5.15p that 

\\B{t)\\<Cee{Vo){l+tyi. 

For L°° rate, by applying the L°° linear estimate on B in (j4.52p to the mild form 
(|5.ip . one has 

\\B{t)\\L^ < C{1 + t)-l\\[uo,Eo,Bo]hinH^ 

+ C I (l + t-.s)-i|l[.92(.s),g3(s)]|L,n^5ds. 
Jo 

Since by ((??T5|) . 

\\[92{tlgm\\L-nH'^<m{t)\\l<Ce^{V^f{l + t)-'^, 

it follows that 

\\B{t)\\L^<Cei{Vo){l + t)---. 
So, by L^-L°° interpolation, 

(5.17) \\Bit)\\L. < CesiVo){l + 1)~*+^ 
for 2 < q < CO. 

Estimate on \\[u, E]\\lii . For rate, applying the linear estimates on u and E 
in (|i3T|) to ([5TT|) . one has 

\\uit)\\ < Cil + trH\\po\\ + \\[uo,Eo,Bo]h^^H-^) 

+ C [ {l + t-s)-^\\g,{s)\\ + \\[g2{s),g3is)]\\^,^fj._)ds, 
Jo 
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and 

\\E{t)\\<C{l + t)-i\\[uo,E„,Bo]hinH- 

+ C [ {I + t - .s)-i\\[g2{s),g,{.s)]\\^,^^sds. 
■Jo 

Since by ((5?T5l) . 

+ \\[92{t),g3m\L^nH'^ < C\\U{t)\\l < Cee{Vo)\l+t)-^, 

it follows that 

\Mt),Em<Ce,iVo){l+t)-i. 
For L°° rate, applying the L°° linear estimates on u and E in (|4.52p to (|5.ip . one 
has 

2nH2 + \\[uoi Eq, Bq]\\ j^i^fjs) 

li^nffa + ||[.92v-';,yav^7jiiLinH5;""'' 



and 

||i?WI|L» <C(l+<)-2!|K,i?o,i?o]|Linff^ 

+ C I (l+i-s)"'||[.92(s),g3(s)]||iin^6rfs, 
Jo 

Since 

+ ll[.92W,53W]IU5n,j6 < q|V[/(t)||2 < C6i3(V^o)'(l ^ 

and 

\\[g2{t),93mL^<c\\umi\\uit)\\ + \\vum) 

< C [e6("t^o)(l + tyi] ■ [eio("^^o)(l + t)^^] < CeMf{l + t)"' 
where (jS.lSp . (|5.16p and (jS.lSp were used, then it follows that 

\\[u{t),Em\L^ <CeM){\ + t)-\ 
Therefore, by L^-L°° interpolation, 

(5.18) \\[u{t),E{t)]\\L. < Cei3(Fo)(l + t)-2+* 

for 2 < q < 00. 

Estimate on \\p\\li- For rate, we need to bootstrap once. First, applying the 
linear estimates on p in (|4.5ip to (|5.ip . one has 



(5.19) \\p{t)\\<Ce--^\\[po.uo]\\+C I e-—\\Ms),g2is)]\\ds. 

Due to 

ii[5i(o,ff2(i)]ii < ciwvumi + \wm ■ WBrnL^) < ceMni+ty- 

where (|5.16p . (|5.17p and (|5.18p were used, then (|5.19p gives the slower time-decay 
estimate 

\\pm<CeM){l + t)-^. 
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By further re-estimating ||[5i,g2]|| and using ()5.16|) . (|5.17p . (|5.18p once again and 
the above slower time-decay estimate to obtain 

||[5iW,ff2(t)]|| < C\\u{t)U^^i\\Vp{t)\\ + \\Vu{t)\\ + \\Bit)\\) 

+ C\\p{t)\mp{t)\\2 + \\^uit)\\2)<CeMfil+tr'^, 

it follows from (|5.19|) that 

\\pm<CeM){l + t)-'i-. 
For L°° rate, by applying the L°° linear estimates on p in ()4.52|) to ()5.ip . 

(5.20) \\p{t)\\L^ <Ce-^\\[p„ 

Jo 

Notice that one can check 

(5.21) ||[5i(i),ff2(t)]||A. < C\\VU{t)U\\pm + \Mt),B{t)]U^ 

+ mp{t),u{t)]\\L^). 

Here, since the linear time-decay rate of || V[p(t), ii(t)]||i,=° is larger than 3/2 and the 
nonhomogeneous source is at least quadratically nonlinear, we have the following 
slower time-decay estimate 

mp{t),u{t)]U^<Ces{Vo){l+t)-i. 

Then, it follows from (j??^ that 

ll[5i(0,g2(i)]|L2n^. <Cei3(Fo)(l + i)-T, 

which implies from (|5.20p that 

\\p{t)\\L^ <Cei3{Vo){l+t)-'^. 

Therefore, by L^-L°° interpolation, 

(5.22) l|p(i)l|L^ <Cei3(K,)(l+i)"'^ 
for 2 < q < CO. 

Thus, ([5:221) . ([5^8]) and ([STfl give (fSTf]) . ([2^8]) and ([2l9l) . respectively. This 
completes the proof of Proposition 12.31 and hence Theorem 11.11 
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